We investigate the evaluation of the Dirac index using symplectic geometry in the loop space of the corresponding supersymmetric quantum mechanical model. In particular, we find that if we impose a simple first class constraint, we can evaluate the Callias index of an odd dimensional Dirac operator directly from the quantum mechanical model which yields the Atiyah-Singer index of an even dimensional Dirac operator in one more dimension. The effective action obtained by BRST quantization of this constrained system can be interpreted in terms of loop space symplectic geometry, and the corresponding path integral for the index can be evaluated exactly using the recently developed localization techniques. [6] . It relates a supersymmetric theory to symplectic geometry in a superloop space, with half of the bosonic and fermionic variables viewed as superloop space coordinates, and the remaining half of these variables viewed as superloop space one-forms. In this superloop space the action of a supersymmetric theory is locally exact with respect to a model independent superloop space equivariant exterior derivative: The noninteracting part of the action is a linear combination of two terms, a loop space symplectic two-form and the contraction of the corresponding symplectic one-form with a model independent supervector field, that determines a natural action of the group SO(2). The interaction part of the action can then be identified as a locally exact one-form in the superloop space. This characterization of supersymmetry in terms of (super)symplectic geometry appears to be at least as general as the characterization in terms of a Nicolai transformation. Indeed, in this approach the Nicolai transformation can be viewed as a loop space change of variables to (locally defined) Darboux variables.
Introduction.
There are many different ways to characterize supersymmetric theories. Maybe the best known is the existence of a Nicolai transformation [1] . It identifies the fermion determinant of a supersymmetric path integral as a Jacobian determinant for a change of variables that takes the bosonic action into a Gaussian form.
Recently a conceptually different, geometric characterization of supersymmetry has been proposed [2] . This approach originates from the ideas introduced in [3] , [4] , and is based on the formalism developed in [5] , [6] . It relates a supersymmetric theory to symplectic geometry in a superloop space, with half of the bosonic and fermionic variables viewed as superloop space coordinates, and the remaining half of these variables viewed as superloop space one-forms. In this superloop space the action of a supersymmetric theory is locally exact with respect to a model independent superloop space equivariant exterior derivative: The noninteracting part of the action is a linear combination of two terms, a loop space symplectic two-form and the contraction of the corresponding symplectic one-form with a model independent supervector field, that determines a natural action of the group SO (2) . The interaction part of the action can then be identified as a locally exact one-form in the superloop space. This characterization of supersymmetry in terms of (super)symplectic geometry appears to be at least as general as the characterization in terms of a Nicolai transformation. Indeed, in this approach the Nicolai transformation can be viewed as a loop space change of variables to (locally defined) Darboux variables.
In [3] the results of [4] are applied to evaluate the Atiyah-Singer index of a Dirac operator on a compact manifold: The supersymmetric quantum mechanical path integral which yields the index, localizes to the critical points of the action corresponding to constant field configurations. The correct expression for the index then follows from the infinite dimensional Duistermaat-Heckman integration formula [4] . In [5] these observations are combined with the localization technique developed in [6] , to evaluate the Atiyah-Singer index of a Dirac operator on a compact manifold and with arbitrary background gauge fields. When combined with the formalism developed in [2] , these observations then suggest a potentially useful method for evaluating path integrals in generic supersymmetric theories. In the present paper we shall be interested in developing such methods: As a concrete example we shall consider path integrals which are relevant for the computation of the Callias index [7] of odd-dimensional Dirac operators. We explain how the localization technique introduced in [5, 6] generalizes to this case. Furthermore, in addition we find that the Callias index of an odd dimensional Dirac operator can also be obtained from the quantum mechanical path integral that yields the Atiyah-Singer index of a related Dirac operator in one more dimensions. This connection between the index formulas in even and odd dimensions emerges, when we consider the even dimensional quantum mechanical model together with a constraint that effectively eliminates one space dimension. The BRST quantization of the ensuing constrained system yields an effective action, which admits an interpretation in terms of loop space symplectic geometry. The evaluation of the corresponding path integral using the localization technique introduced in [5, 6] then yields the correct expression for the index in odd dimensions.
D=1 Index Theorem:
We shall first illuminate our general approach by investigating the evaluation of the index of the one-dimensional Dirac hamiltonian
Here
and the derivative of the superpotential W (q) has a soliton profile,
The corresponding supersymmetric quantum mechanical model is obtained by identifying the operators D and D † as generators of a canonical supersymmetry algebra,
where η andη are anticommuting variables, and the nontrivial Poisson brackets are
The supersymmetry algebra is {Q,
The index of the operator (1) is obtained in the T → ∞ limit of the superpartition function
with
In order interpret (8) , (9) in terms of superloop space symplectic geometry, we introduce the canonical transformation
we get p
For the generators of the supersymmetry algebra this yields
and for the action
we then get
In this form the action can be directly interpreted in terms of superloop space symplectic geometry. For this we consider a superloop space with q(t) and θ 2 (t) viewed as superloop space coordinates, and θ 1 (t) and p(t) as one-forms. The exterior derivative is
and if we introduce the superloop space symplectic one-form
and the corresponding symplectic two-form which determines superloop space Poisson brackets is the exterior derivative of (18),
and if we define the vector field
we get the noninteracting part of the supersymmetric quantum mechanics action (16) as
The interaction is obtained by defining the superloop space scalar i.e. zero-form
Since the interior multiplication of a loop space vector field and a loop space scalar vanishes,
we then find that in the superloop space the action (16) can be represented as (p → −p)
Notice in particular, that this action is a linear combination of exact forms with degree zero, one and two. We shall now proceed to the evaluation of the path integral (8), (24) using the localization techniques developed in [5, 6] . For this we first observe that for the superloop space Lie derivative,
Obviously
Hence we conclude from [5, 6] that the path integral (8), (24) remains intact if we redefine
1 Notice that as explained in [5] , we can not redefine the second term in (18) in the same manner. Due to the constant mode, such a redefinition is not a small, local variation.
For the action this yields
and from the arguments presented in [6] we conclude that the path integral with (28) is β-independent.
We define the path integral measure in (8) as [5] [dq][dθ 1 ][dp][dθ 2 ] = dq 0 dθ 10 dp 0 dθ 20 t dq t dθ 1t dp t dθ 2t (29)
Here we have defined
with q 0 , θ 10 , p 0 , θ 20 the constant modes. We then introduce the change of variables
The pertinent Jacobian in the path integral measure (29) is trivial. Since the path integral is independent of β we can take the β → ∞ limit which yields for the action in (28)
Integrating over θ 1 , θ 2 and p we then get for the path integral
and in the T → ∞ limit this yields for the index of the operator (1)
This result agrees with the exact evaluation in [7, 8] , and verifies that in the present case the localization technique developed in [5, 6] is applicable.
3. Relation to the Atiyah-Singer Index. In [8] it has been shown how the index of an odd dimensional Dirac operator can be related to the index of an operator defined in one more dimensions by an infinite space version of the Atiyah-Patodi-Singer index theorem. Here, we shall obtain a somewhat different connection between even and odd space index theorems: We find that the index of a Dirac operator can be evaluated from a supersymmetric quantum mechanical model which yields the index of a related Dirac operator in one more dimension. This result is a consequence of a very simple constrained quantization procedure: We select the higher dimensional operator in such a way that it coincides with the lower dimensional operator when we demand translation invariance in one space direction. At the level of quantum mechanical path integrals we impose this translation invariance as a first class constraint, and as a consequence we find that the constrained path integral yields the index of the lower dimensional operator. In particular, in this way we can derive the Callias index theorem directly from the Atiyah-Singer index theorem of a higher dimensional Dirac operator.
As an example, we shall evaluate the one dimensional index formula (34) using a supersymmetric path integral which yields the two dimensional Atiyah-Singer index. For this, we consider the following two dimensional Dirac operator
Here we use the Pauli-matrix representation γ 1 = σ y and γ 2 = σ x of the γ-matrices. Notice that if we set A 1 = 0 and demand that A 2 depends only on the variable q 1 ∼ q, the q 2 -derivative becomes quite irrelevant. By ignoring this derivative and identifying A 2 ∼ W q the operator (35) then essentially reduces to the operator (1) . We shall now demonstrate, that if we implement these conditions as a canonical first class constraint in the pertinent supersymmetric quantum mechanical model, the path integral evaluation of the Atiyah-Singer index for (35) yields the Callias index (34) of the one dimensional operator (1) .
The canonical supersymmetry generator corresponding to (35) is
and the Poisson bracket supersymmetry algebra is
In [5] it has been shown that the index of (35) can be obtained by applying the localization technique to the canonical path integral with action
In order for this to yield the index of the operator (1), we introduce in (38) the abelian first class constraint
If the gauge fields A i are functions of q 1 only, this constraint commutes with the supersymmetry generator (36),
Consequently it also commutes with the hamiltonian (37) and we have a first class constrained system. We shall enforce the constraint (39) in the path integral using the BRST gauge fixing procedure. For this, following [9] we introduce a pair of canonically conjugated Grassman variables with Poisson brackets
and commuting Lagrange multiplier variables with
The BRST operator corresponding to (39) is then
In order to fix the gauge in the path integral, we introduce the gauge fermion
where β is a parameter. This yields the BRST gauge-fixed action [9] 
(45) We change the variables π → βπ andP → βP. The corresponding Jacobian is trivial, and since the path integral is β independent [9] we can take the β → ∞ limit. In this limit we obtain for the action (45)
Eliminating p i , π we get further
and the pertinent path integral is subject to the condition q 2 = 0, which is enforced by a δ-functional. The gauge fixed action (47) admits an interpretation in terms of loop space equivariant cohomology in a superloop space with coordinates q 1 and ψ 2 , and with ψ 1 and λ the corresponding superloop space one-forms. For this we define the superloop space exterior derivative
and vector field
The corresponding Lie-derivative is
Defining the one-form
and the zero-form
we then find that the action (47) can be represented as
We shall now proceed to evaluate the corresponding path integral using the localization technique developed in [5, 6] . For this we first re-define the one-form (51) into ϑ → − β 2q
According to [5, 6 ] the path integral is independent of β. Proceeding as in [5] and (28)-(33) we then find in the β → ∞ limit for the action
where we have again decomposed the variables in their constant and non-constant modes, used the δ-function in the functional integral to eliminate the variable q 2 , and in the final step eliminated the nonconstant modes. The evaluation of the remaining ψ i0 and q 10 integrals proceeds as in the case of the two-dimensional Atiyah-Singer index for (35) [5] . Indeed, by identifying A 2 ∼ W q and A 1 ∼ 0 we conclude that the actions in (33.a) and (55.b) coincide, hence we find again the result (34). Consequently we have found a connection between the two dimensional Atiyah-Singer index of (35) and the one dimensional Callias index of (1): The path integral evaluation of the former yields the latter if we impose translation invariance in the q 2 direction as an abelian first-class constraint in the supersymmetric model (38).
Index Theorem in Higher Dimensions:
We shall now proceed to generalize the previous results for Dirac operators defined in general D-dimensional (flat) spaces. For this, we first consider the supersymmetry generators discussed in [10] ,
where the Poisson brackets of the anticommuting variables are
and the supersymmetry algebra is
As explained in [10] , this supersymmetry algebra is relevant to a class of Dirac operators whose index has been considered in [7] . The corresponding canonical supersymmetry action is
In order to interpret (59) in terms of symplectic geometry in a superloop space we again introduce a canonical conjugation such that
Generalizing (10)- (16) we then find for the action
which generalizes (16) to D dimensions. The corresponding superloop space interpretation is obtained by introducing the equivariant exterior derivative
With the one-form
and zero-form
we can then write the action (61) as
The evaluation of the path integral proceeds as before: We introduce a generalization of (27) to localize the path integral to constant configurations, and repeating the steps that led to (33) we then find that the path integral reduces to finite dimensional integral over the bosonic zero mode
Notice that this is a direct generalization of (33) to D dimensions. The result equals that obtained in [10] , and yields in the T → ∞ limit the index of the corresponding Dirac operator.
Relation to the Atiyah-Singer Index.
In analogy with (35)- (55) we can relate (66) to the Atiyah-Singer index of a higher dimensional Dirac operator. For this, we need to select the higher dimensional operator in such a manner that it reduces to the one corresponding to (56) if we impose translation invariance in some of the coordinate directions. The ensuing constrained path integral quantization of the higher dimensional supersymmetry action then yields the index the original Dirac operator, obtained in the T → ∞ limit of (66). As an example we shall here apply the path integral evaluation of the four dimensional Atiyah-Singer index theorem described in [5] to compute the index of a three dimensional Dirac hamiltonian coupled to a SU(2) Yang-Mills-Higgs system,
where
and we choose T 3 to be diagonal with eigenvalues J, J − 1, ..., −J. For a monopole background the gauge field A k can be viewed as a compact perturbation. As a consequence in the index computation it is usually customary to consider only the Higgs field background [7] . With Φ a ∼ W i the ensuing canonical supersymmetry algebra is then of the form (56), and the index can be evaluated as explained above. Here we shall proceed to describe, how this index can also be obtained from the path integral evaluation of the four dimensional Atiyah-Singer index for the Dirac operator
If we identify A 0 ∼ Φ in (67) and require translation invariance in the µ = 0 direction, (69) essentially reduces to (67). Consequently, we expect that if we impose translation invariance as a first class constraint in the canonical supersymmetry algebra corresponding to (69), the path integral evaluation of the Atiyah-Singer index for (69) subject to this constraint yields the index of (67). For this, we introduce the four dimensional canonical supersymmetry algebra corresponding to (69) with
Here we have realized the gauge generators T α canonically on a co-adjoint orbit: With ϕ a coordinates on the co-adjoint orbit and ω ab (ϕ) the symplectic two-form corresponding to the given representation of the gauge group, we represent the Lie algebra canonically, in terms of the co-adjoint orbit Poisson brackets
In order for (70) to represent the operator (67) we demand that it is subject to the first class constraint
The condition {p 0 , Q} = 0 (73) then implies that A µ is independent of the coordinate q 0 , and if we identify A 0 ∼ Φ we obtain the desired constrained canonical realization of the operator (67). The corresponding supersymmetry algebra is determined by
and the action which will yield the index of (67) is
and this action is subject to the constraint (72). Notice that except for the constraint, this action coincides with that used in [5] to evaluate the Atiyah-Singer index of (69).
Here c a are anticommuting variables introduced to exponentiate the square-root determinant of the symplectic structure on the co-adjoint orbit, which appears as a measure factor in the canonical path integral [5] .
We again enforce the constraint (72) using BRST gauge-fixing. Introducing the corresponding gauge fermion (44) and generalizing the steps (41)-(47) we then find for the action
Here λ is the Lagrange multiplier field for the constraint (72), and the path integral is subject to the δ-function constraint q 0 = 0. In order to interpret (76) in the superloop space we define
Notice that again we find for the Lie derivative
we then find for the action (76) the representation
We evaluate the path integral using the localization technique developed in [5, 6] . For this we introduce the following one-parameter generalization of (80),
The general arguments presented in [5, 6] again imply that the path integral is independent of the parameter β. We again divide the variables into their constant and non-constant modes, and using the β independence of the path integral we then find in the β → ∞ limit for the action iS → i ) and by integrating over the nonconstant modes we finally get
Notice that this is a direct generalization of our earlier results (33.a), (55.b) and (66.a). Notice also that this action differs from the corresponding action obtained in the evaluation of the Atiyah-Singer index theorem [5] : The second term in (85) does coincide with that relevant for the computation of the four dimensional Atiyah-Singer index theorem, but the first term in (85) is a consequence of the constraint (72). In the T → ∞ limit only the second term in (85) survives, and we get the index of the operator (68) [7, 8] 
6. In conclusions, we have investigated the localization technique developed in [5, 6] for the evaluation of supersymmetric path integrals by computing the index of certain Dirac operators. In each case, the localization technique appears to yield the correct result for the path integral. In particular, we have found that the method also yields a novel point of view to index theorems for odd-dimensional Dirac operators: The index can be computed directly from the path integral relevant to a higher dimensional Atiyah-Singer index, by introducing a simple first class constraint that eliminates the extra dimensions. The ensuing BRST quantized canonical action admits a superloop space interpretation and as a consequence the localization techniques developed in [5, 6] become directly applicable.
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